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Given two groups F with elements fi and G with elements gi, we can

form the direct product, written F ⊗G, defined by
A direct sum may also
be defined for vector
spaces, but according
to Gilmore’s book, a
direct sum is not
defined for groups.

F ⊗G≡ {(fi,gj)} (1)
That is, the elements of F ⊗G are ordered pairs (the order of the two ele-
ments in the pair matters!) where the first element in a pair is taken from F
and the second from G. The set from which F ⊗G is formed contains all
possible pairings of elements, so that i runs from 1 up to |F | and j runs from
1 up to |G|. Although F ⊗G is referred to as a ’product’, no actual multipli-
cation (in the sense of ordinary arithmetic) occurs. The ’product’ appears
in the fact that the order (number of elements) in F ⊗G is the product of
|F | and |G|:

|F ⊗G|= |F | |G| (2)
The elements fi and gj may refer to groups that are realized with different

types of elements. For example, F might be Zn, the group that can be
realized as the nth roots of 1, and G might be Sm, the group realized by
the permutations of m objects. Mathematically, both F and G are simply
abstract objects, independent of their realizations. That is F , although it
can be thought of as the nth roots of 1, is defined in abstract form entirely
by its multiplication table.

The product of two elements from F ⊗G is obtained by taking the prod-
ucts of the corresponding elements in the ordered pairs. That is

(F ⊗G)ij (F ⊗G)k` = (fifk,gjg`) (3)
Note that elements from F are never multiplied by elements from G. In fact,
a product such as figj makes no sense, since fi and gj are from different
groups and their product is undefined.

The identity element of a direct product is the ordered pair each of whose
elements is the identity of its corresponding group. That is

(F ⊗G)identity = (IF , IG) (4)
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y1

y2 (1,1) (1,−1) (−1,1) (−1,−1)

(1,1) (1,1) (1,−1) (−1,1) (−1,−1)
(1,−1) (1,−1) (1,1) (−1,−1) (−1,1)
(−1,1) (−1,1) (−1,−1) (1,1) (1,−1)
(−1,−1) (−1,−1) (−1,1) (1,−1) (1,1)

TABLE 1. Multiplication table for Z2⊗Z2.

y1

y2 I A B C

I I A B C
A A I C B
B B C I A
C C B A I

TABLE 2. Multiplication table for the abstract group Z2⊗Z2.

We’ve written the identity element with a subscript indicating which group
it is from since, technically, these identity elements could refer to different
types of objects. For Zn, the identity is just +1, while for Sm, the identity
is a permutation that leaves all objects in the same place. However, from a
mathematical point of view, there really is only one identity element for all
groups, so usually we just write I for this universal identity.

Example 1. We can take the direct product of a group with itself. For
example, if we have Z2, the square roots of 1, we have

Z2 = {1,−1} (5)

Y ≡ Z2⊗Z2 = {(1,1) ,(1,−1) ,(−1,1) ,(−1,−1)} (6)

Each element of the direct product Z2⊗Z2 is its own inverse, since each
element squares to the identity. The multiplication table is Table 1.

If we use abstract symbols for the group elements we can write 6 as

Y = {I,A,B,C} (7)

and the multiplication table becomes Table 2
Note that the group is abelian, since all products commute.
It’s worth noting that Z2⊗Z2 is not isomorphic (that is, it doesn’t have

the same multiplication table) as the group Z4. It has the same number of
elements (4 in each case), but the group Z4 can be represented by
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Z4 = {1, i,−1,−i} (8)
and only two of its elements square to 1, with the other two squaring to −1.

In order to compare two groups, we need to think of them in the abstract
form, rather than with any particular representation. That is, the reason
that Z2⊗Z2 and Z4 are not isomorphic is not because the elements of one
are ordered pairs while the elements of the other are individual complex
numbers. If we replace the elements of the two groups by abstract symbols
such as I,A,B,C we can then construct the multiplication table for each
group and compare them that way. If the two groups have the same table,
then they are isomorphic, even though their representations are completely
different. In the case of Z2⊗Z2 versus Z4, we were able to say that they
are not isomorphic because they have different tables.

Example 2. As another example, consider the direct product Z2⊗Z4. This
has elements

Z2⊗Z4 = {(1,1) ,(1, i) ,(1,−1) ,(1,−i) ,(−1,1) ,(−1, i) ,(−1,−1) ,(−1,−i)}
(9)

This group is not isomorphic to Z8 =
{
e2πni/8

}
for n = 1, . . . ,8. This

is easiest to see by noting that Z8 has only two elements that square to the
identity (for n= 4 and n= 8) while Z2⊗Z4 has four elements that square
to the identity [(1,1) ,(1,−1) ,(−1,1) ,(−1,−1)]. Thus the two groups are
not isomorphic. We could write out the full multiplication table for each
group, but this is tedious and unnecessary, since we already know that the
two tables will not be the same.
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